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• Abstract. The geometric quantization problem is considered from the point of view 

of the Davies and Lewis approach to quantum mechanics. The influence of the mea- 
suring device is accounted in the classical and quantum case and it is shown that the 
^ ' conditions of the measurement define the type of quantization (Weyl, normal, anti- 

i normal, etc.). The quantum states and quantum operators are obtained by means of 

[ the projection, defined from the system of generalized coherent states. 

OO 
O 

O ■ 1 Introduction 

^ • The main aim of the theory of geometric quantization consists in construction of quantum- 

mechanical Hilbert space starting from the properties of symplectic manifolds, which play 
Ch I the role of phase spaces of classical mechanical systems [1,2]. If G is a Lie group, then 

^ ' these manifolds arise as orbits of co-adjoint action of G in the dual space A{G)* of the 

O^. algebra A{G) of the group G. Let xq E A{G)* be a fixed element and X be the orbit of 

xo, X = {axo\a £ G}. At some restrictions on X [1,2], which we consider fulfilled (and 
therefore classical system with phase space X admits quantization), there exists a unitary 
one-dimensional representation (a character) of a subgroup K C G, 



X{k) = x(exp(Xfc)) = exp(i(xo,Xfc)) , (1) 

where k = exp(Xfc) G K and {xo,Xk) is the value of xq at the point X^ £ A{K) C A{G). 
Then one can construct induced representation W{G) = x(^) T G, realized in the space 
H = L?'{X,dx) of square-integrable functions on X, where dx is the invariant measure on 
X , defined by means of the equality 



dxf{x) = / f{axo)da, (2) 
X JG 

where da is the invariant measure on G (the group G is supposed unimodular). 

Following Mensky [3], we consider the space as a space of virtual states of quantum 
system, corresponding to classical system with phase space X . The space of physical states 

* Summary in Math. Review 1990k: 58078. 
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appears as a subspace Hq C H, in which the unitary irreducible representation Wo(a) = 
PoW{a)Po is realized, Pq being projector on Hq. 

In the present work we consider the relations between induced representations and 
CS (Section 2) and show that the Hilbert space H can be treated as a space of classical 
states as well (Section 3). Then the projector Pq is interpreted as a quantization of classical 
system. Next, in Section 4, we take into account the influence of the measuring device, 
which allows different quantization rules to be treated in a unified way. Finally, in Section 
5, we study the correspondence between Poisson and Lie-algebraic structures. 



2 Measurements, Coherent States and Induced 
Representations 

An unitary representation induced from the character x{k) (1), acts in the space H ac- 
cording to the formula 

{W{a)^){x) = X {{a, x)k) ^{a'^x), (3) 

where, by definition, 

{a,x)K = s~^{x)as{a~^x). (4) 

Here s : G/K — G — cross-section of the Group fibre bundle (G, G/K, ttq). We suppose 
that the space X can be identified with G/K, putting aK = axQ, and thus s : X ^ G. 
The cross-section s is determined through decomposition of arbitrary element a & G: 

a = s{xa)ka = s{iTG{a))/ka, ka e K. (5) 

Let Lo be some i^T-invariant vector in the space H, i.e. 

W{k)uj = X{k)uj, |A(A;)| = 1. (6) 

Herefrom, using (3) (at a = A; and * = a;) we get 

Xiik, x)KMk-'x) = X{k)iu{x). (7) 

We construct system of states lo^ = W{s{x))uj in H. The representation W transforms 
this system according to the formula 

W{a)u!x = W{as{x))u! 

= W{s{TTG{as{x)))kas{x))^^ = >^{{a,ax)K)uJax- (8) 

Let us consider functions of the type Po^: 

{Po^){x) = {LOxm = J dyU^^iy). (8a) 

Let Hq = G H\^ = Po*}- Then if tu £ H is such that 

W{k) u = x{k) 00 , (6a) 
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it is not difficult to verify that the subspace Hq G H is an invariant subspace: 

= (x((a-\a-ix)K)a;„-iJ^') 

= x{{a~\a-^x)K^^{a-^x) 

= x{{a,x)K)'^{a-'x) = {W{a)'^){x) . 

Now, using (3) and (6a), we obtain, that vector lo{x) satisfies the following condition: ^ 

ioik-^x)=xiik,x)],^k)Lo{x). (10) 

The states cOx form an overcomplete family of states in Hq, called system of generalized 
coherent states (CS) [4]. Indeed, from (9) it follows that PqcOx = to^, therefore 



{u;z\oJx) = i^x{z) = u;z{x). (10a) 

Thus for every * G Hq we have 

*(x) = {Pomx) = {^xm 

= j dzujj^^{z) = j dzujz{x)^{z) . (11) 
One can easily verify that Pq is an orthoprojector: 

{Pi^){x) = j dyZ^y) j dzZJ:{x)^>{z) 

= j dz^{z){uJx\oj,) = j dz^{z)u;,{x) = (Po*)(a^), ^^^^ 
(^'i|Po|*2) = (Po^'il^'2) ■ 

Let us turn now to the relationship between CS and covariant semi-spectral measures 
(CSS-measures) Recall that the map M : B{X) ^ B{H)+ (where B{X) is a (T-algebra 
of Borel subsets of X, B[H) is algebra of bounded operators in H) is called CSS-measure 
associate with the unitary irreducible representation W{a), if the following covariance 
condition holds 

W{a)M{A)W-^{a) = M{a- A), (13) 

where a ■ A = {a ■ x\ x € A} , A e B{X). 

If we denote the projector onto CS lOx as M^, 

{Mx^){y) = cOxiyMx), ^ G Ho, (14) 

then the set of operators 



M^(A) = [ dxMx (15) 



^one should not mistake the function uj(x) of the i^-invariant vector uj with uix '■= W{s{x))ui. (Note 
added). (There are no footnotes in the journal paper — all are added in this electronic file in order to 
clarify the exposition. No changes in the main text). 

^Semi-spectral measures are also called positive operator valued measures (POV-measures) [7,8]. Simi- 
larly, spectral measure is a synonym of projection- valued (PV) measure. (Note added). 
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form a CSS-measure (in Hq). 

The inverse turned out to be also true [6]: If V{a) is an irreducible square-integrable 
representation (of G) in some Hilbert space Hq, and M(A) is a CSS-measure, then a finite 
trace operator po exists, such that it commutes with all V{k), k E K,^ and 

M(A) = J dxV{a)poV{a)-^, {x = axg). (16) 

In particular, if M(A) is an extremal point in the convex set of all CSS-measures on X 
and if Trpo = 1, then 

Po = \'^o){'^o\, Wo G -f^o, V{k)ujo = x{k)uJo ■ (17) 

In this case from (16) we again get (15), with = V{a)\ujQ) {iOolVia)^ . As we have seen 
in the above, condition (17) means that V{a) can be regarded as a subrepresentation of the 
induced representation W{a) {W{a) = xi^) T G) in the space H = L'^{X). The inclusion 
of Hq in H is determined by means of the map ^' i — > (wj,!*). 

If W{G) is an induced representation, then CSS-measure M(A) appears in a natural 
way from the canonical spectral measure [6], 

{U{A)^){x) = 1a{x)^{x), (18) 

where 

lAix) = 



1, X G A 
0, X A 



for which the covariance condition (13) is valid too, and, in addition, 

n(Ai)n(A2) = n(An As). (19) 

(The last condition is not valid for an arbitrary CSS-measure). Then, given a projector Pq 
onto Hq, the operators 

M(A) = Pon(A)Po (20) 

form a CSS-measure in Hq. 

In the Davies and Lewis theory [7,8] the CSS-measure M(A) is generated from the 
covariant instrument 

Ea{p) = dxTt{M^p)M^ (21) 

using the relation 

Tr£;A(p) = TV(pM(A)). (22) 

Let us note that the correspondence p — >■ Wp, where Wp{A) = Tr(pM(A)) is a measure- 
ment in the sense of Holevo [6,9].^ 

"^K is stationary subgroup of xo (see theorem IV. 2. 2 of [9], where CSS-measure {M{A)} is shortly called 
covariant measurement. The invariant measure dx does not depend on the choice of xo [9]. (Note added). 

*In [9] the set of operators {M(A)} is called (generalized) resolution of unity. Since {M(A)} is in a 
one-to-one correspondence with measurements (theorem II. 2.1 of [9]) they are shortly called measurements. 
(Note added). 
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If f{x) is a real continuous function on the phase space X, then one can define operators 

M(/) = J dxf{x)M,, (23) 

and 

Ef{p) = I dxf{x)Tv{M^p)M^ , (24) 

from which M(A) and E'a are obtained as particular cases at f{x) = lA(a^)- When f{x) is 

interpreted as classical observable, then M{f) could be regarded as a quantum observable, 
corresponding to the classical one. When is a projection on a Glauber CS the so defined 
correspondence / — > M(f ) is called stochastic quantization [10]. Operator Ef{p), Eq. (24), 
is interpreted as a (unnormalized) state, to which the system goes after measurement of 
the observable M(/) [7,8]. 



3 Algebras of Classical Observables and their Quantization 

Let Cq{X) be algebra of finite continuous functions on X (with usual multiplication and 
complex conjugation as an involution). Then, using (3) and introducing the representation 
n : Co(X) B{H), 

(n(/)*)(z)=/(z)*(z), (25) 
one can easily check the covariance condition 

W{a)U{f)W{a)'' = U{Laf), (26) 

where {Laf ){x) = f{a~^x). The relation between n(/) and spectral measure n(A) is given 
by the expressions 

n(iA) = n(A), (27) 

n(/) = / fixMdx). (28) 

If one denotes the density of the measure n(A) as Ux, then (28) could be rewritten in the 
form 

U{f) = J dxf{x)Ux, (28a) 

where ^ 

{Ux^){z) = dx{z)^)z) . (29) 
Note that the operators in (14) and 11^; in (29) are related as follows 

Pon^^o = MxPo , (30) 

wherefrom 

Pon(/)Po = M(/)Po • (31) 

In this way, treating the elements of Co{X) as classical observables, the representation of 
algebra Co{X) in the space H = L?'{X) is determined by means of Eq. (28) in complete 

^5x{z) is the Dirac J-function. (Note added). 
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analogy with Eq. (23). Then in correspondence with (30), (31) the transition from classical 
to quantum observables is represented by the projector Pq, Eq. (8a), which maps H onto 
subspace Hq: 

(Po^)(a:) = J dy{uj^\,Oy)^{y). (32) 

Now if the states of classical system are characterized by means of density matrices p in 
H, i.e. p{x,y) = p{y,x), Tip := J dxp{x,x) = 1, then the mean value of observable /, Eq. 
(28a), in a state p would be 

(/) = TV (pn(/)) =Jdx fix)p{x, x) . (33) 

In particular, for p{x,y) = \I'(a;)^'(y) = (* (g) ^){x,y) we can write (33) in form of the 
matrix element (^'|n(/)*), 

{fh == {f)m^ = I dx'^f{x)^{x) = imim ■ (34) 

Apparently p{x, x) is a probability distribution density describing the preparation of clas- 
sical system. 

Let us note that the description of classical instrument by means of a formula like (24), 

Ef\p) = J dxf{x)Tt{pn^)n^, (35) 
is possible iff the space admits a reproducing kernel K{x,y), for which 

^{x) = I dyK{x,y)<if{y), Kix,x) = l. (36) 

Then 

{U,^){y) = 5,{y)^{y) = J dzS,{y)K{y,z)^{z), 
and therefore Trll-r = / dz 6x{z)K{z, z) = K{x,x) = 1. 



4 Observables Conditioned by Measuring Device 

Following Prugovecki [11] we accept that an exhausting description of the measurement 
result "x"is attainable if one introduce a nonnegative function r]x with a maximum at x, 
interpreted as a probability distribution density of true values z of the measuring quantity 
in space X. Then the quantity 

VAiz) = j^dxrixiz), rjx{z) = 1, (37) 

determines the probability of obtaining the true value z, if the measurement yielded value 
X in Borel set A, A G B{X). In this way the function ija describes statistical error intro- 
duced by the measuring device. In accordance with the Holevo's classical statistical model 
conjectures [9] we suppose that the probability distribution of a given measurement in a 
state w{dx) = w{x)dx = pw{x,x)dx is given by the formula 

/i^(A) = / w{dx)r]A. (38) 
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Then the mean value of observable f{x) in the measurement (in Holevo sense) w i — ^ fi^ 
is equal to 

{f)nv. = j f{x)iiy,{dx) = j w{dx)fr,{x) = {fr,)w, (39) 



where 



fr,ix) = I dzfiz)ri,{x) (40) 

would be called classical observable, conditioned by q-device, or r/-observable. Then, in 
view of fri=s{x) = f{x), function /(x) could be called (5-observable. Let us note that 5- 
observables could be rather arbitrary if the device- functions %(x) are well behaved. If for 
example, r)z € Co{X) for all z G X and / € C{X), then G Co{X). We denote the set of 
(5-observables as a{X). Supposing rjz G Co{X) we put 

n,(/) = n(/,) = I dzfiz)Ur,^ = J fiz)Ur,idz), 



where the operators n^(A), 11^^ are generalizations of n(A), H^, Eqs. (18), (29), defined 
by means of relations 

(nr,{A)^){x) =ri^ix)^{x), 
(n.r,^^){x) =riz{x)^{x) . 
Let us suppose that the device-functions rjz obey the relation 



(41) 



Vaz{x) = riz{a ^x). (42) 
Then one can straightforwardly show that n^(A) is a CSS-measure: 

W{a)Urj{A)W{a)-^ = U^{a ■ A). (43) 
Herefrom it also follows that 

W{a)Ur,{f)W{a)-' = UrjiLJ) , (44) 

where (similarly to Eq. (25)) 

(n,(/)*)(z) = fr,{zM^). 

The transition to quantum observables is performed in a manner similar to that de- 
scribed in Section 3, and is expressed in terms of the map 

/• (45) 
M^, = j dxriz{x)M^ . 

Then quantum observable that corresponds to the classical one f{z) will be (the operator) 

M^(/) = J dzf{z)M^^ = M(^) . (46) 

The quantization rule (46) generalizes the Davies-Lewis stochastic quantization (23) 
and allows one to consider the known quantization rules [12] in a unified manner. 
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we have 



where 



Consider for example the case of the usual (two dimensional) phase space B?{q,p) ^ 
C{z), z = {q + ip)/^/2E. In view of (see [12]) ^ 

1, r I , , I f (Pa f _ _ aci\ 

J^z = 1-2/(^1 = / exp [az — az + j L)[a), 

D[a) = exp(Q;a^ — aa), [a,a^] = 1 , 

ijzioi) = J {(Pz/tt) rjz{a) exp(Q:^ — az) . 

Now choosing r]z{a) such that fjz{a) = exp(aQ;/2 — az — az), we obtain the well known 
Weyl quantization rule: 

MM = I {d^zMf{z)W{z) = I i(fa/n)f{a)D{a), 

where W(z) = J((Pa/Tr) exp{az — az)D(a) is the Wigner operator, the mean of which in 
a (mixed) state p is equal to the Wigner function [13]. 

Let us turn now toward the algebraic structure of the set of classical and of quantum 
77-observables. 

The product * of the quantum observables we define by means of the relation 

Trip{M,{f)*Mr,i9))) = Tr{Ef^{E,^{p))) , (47) 

which is a generalization of an analogical relation, proposed by F.E. Schroeck [14] in his 
dequantization program in the framework of Devies and Lewis theory. Using (47) we may 
put 

MM) * Mr,{g) = Jdxjdz fr,{x)gr,{z)P{x, z)Mz , (48) 

where /3{x,z) = \ {oJx\i^z)\'^ ■ If we define a new product * of classical observables by means 
of the relation 

(/ * 9)r,iz) = j dx fr,{x)gr,{z)P{x, z) , (49) 

we could treat as a homomorphism of classical observable algebra a{X) into the algebra 
of quantum observables: 

M^(/*5) = M^(/)*M^(5). (50) 
The classical limit is understood as [14]: 

P{x,z) — 6z{x). 

Then we have 

(/ * 9)vi^)\p-^S = fr,{z)gr,{z) = if *c g)r,{z), 



In this example d z/tt is the invariant measure. (Note added). 
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where the product *c, defined by means of the relation (/*c g)ri{z) = fr){z)9r){,z) allows as 
to treat 11^ as a homomorphism in the algebra of classical observables, 

n^(/*c5) = n^(/)n^(5)- (5i) 

In this way both classical and quantum observables can be regarded as functions on X 
with different multiplication rules, *c and *, the multiplication * coinciding with *c in the 
limit (3{x,z) — > 6z{x)J 



5 Lie Algebraic Structure of Algebras of Observables 

It is well known that the dynamics of classical systems can be described by means of 
canonical transformations. Let X be a space with symplectic structure to = ujijdx^ A dx^ , 
and let its first cohomology group H^{X) be trivial (that is every closed 1-form 6 = Oidx"^, 
dO = 0, on X is exact: 9 = df). Then the infinitesimal canonical transformation of space 
X has the form ^ 

x' x'' = x' + Sroo'^dg/dx^ , (52) 

where lu^^ is a matrix inverse to uJij, and g is a smooth function, g G C°°{X). The trans- 
formation (52) induces a transformation of classical observables, which are assumed to be 
also in the class of C°°: 



f^f- fix) = f{x') = f{x + 5TUjdg/dx) 

= f{x) + 6ru;^^^^§l = f{x) + 6r{f,g} 

fix) - STX{g)f (e-^-^(^)/)(x), (53) 



where {f,g} is the Poisson bracket, 

and X{g) is the generator of the canonical transformation. The transformation (53) can 
be represented in the differential form 

^+X{g)f = 0, where X{g)=uj'^^^. (54) 

On the other hand, using the phase volume invariance under canonical transformations 
(Liouville theorem) and the relation 

d 



one can obtain the identity [15] 



j dx (e-^^^(^)/) ix)wix) = J dxfix) (e-^^^(s)w;) (x) . 

Unlike *c the multiplication * is non-associative and non-commutative. Let us note that n(/p) = 
n(/)n(g(), which is to be compared with (51). (Note added). 

* r is an external parameter (the time). Here a transformation is called canonical if it preserves the 
symplectic structure. (Note added). 
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Herefrom it follows that under canonical transformations the observables could be regard- 
ed as invariant, provided the states (understood as probability distributions w{x) ) vary 
according to the law ^ 

^ = Xig)w. (56) 

Putting w(x) = l^'(a;)p, where 'if & H, one easily verify that equation (56) is a consequence 
of the equation 

^ = ^(5)*, (57) 

which could be regarded as "classical Schrodinger equation"witli Hamiltonian iX{g). 

By direct calculation we obtain the transformation law of the operator n(/) (Eq. (25)) 
which represents in H the algebra of classical observables: 

e5rX(s)jj(j)e-5rX(g) ^ jj {e^^^g) . (58) 
[X(5),n(/)]=n(X(5)/), (59) 



Herefrom 
and, in view of 



[X{g),X{f)]=X{{gJ}), (60) 

the pair iJi,X) can be regarded as a representation of Poisson algebra (Co°(X), •,{,}) 
[16] in Hilbert space H . 

In order to pass to the algebra of r/- observables we introduce a new Poisson bracket 
{ * } such that 

{5*/}r, = (61) 
where we suppose that % € Cq°{X) for all x E X. Then if one put 

Xr,{g) = X{g^) , (62) 

one can get relations, similar to (59), (60), 

[Xr,{g),Xr,if)] = Xr,{{g*f}), (63) 

[x,(5),n,(/)] = n,({5*/}). (64) 

The relations (51), (63), (64) show that the pair (n^,X,j) form a representation of the 
Poisson algebra of 77-observables (a^(X), *c , { *}) in Hilbert space H. 

The quantization is performed by means of projection onto subspace Hq- Introducing 
the notations Q{f) and Qr){f), 

Q{f)=PoXif)Po, Qr,if) = Qifr,), (65) 

we have 

[Qvif),Qr,i9)] = PoXr,{f)PoXr,{g)Po - PoXr,ig)PoXr,{f)Po. (66) 

^ Eq. (56) is the Liouville equation in general coordinates x', corresponding to Hamilton function g{x) 
(and X{g) is the Hamilton vector field). (Note added). 
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Suppose now that the commutation relation 



X{r,M = PoXiva^) (67) 
is vahd for all x & X. Then from (66) and (63) it follows that 

[Qr,U)^Qni9)] = Qvi{f*,9}- (68) 

Similarly, from (64) we have 

[Qr,if),Mr,ig)]=Mr,{{f*,g}. (68a) 

Recalling now the relation (50) we see that the pair {M^,Q^) can be regarded as a homo- 
morphism of Poisson algebra (a(X), *c , { *}) in the algebra of operators with multiplica- 
tion *, Eq. (48). One has to note that the relation between the Poisson bracket and the 
commutator (68) does not require any limit transition. 
The relation (67), which in coordinates has the form 

^ ^ dx' dx3 dy' dyo ' ^ ' 

establishes a connection of the device functions rjx' to the reproducing kernel {ujx\^y) in 
the space -f^o (in derivation of (69) the condition (55) has been also used). 

Acknowledgment. One of the authors (D.T.) is grateful to S.T. Ah and F.E. 
Schroeck for stimulating and fruitful discussions. 
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FEOMETPHHECKOE KBAHTOBAHHE, KOFEPEHTHblE 
COCTOilHHil H CTOXACTHHECKHE H3MEPEHHiI 



BjiaroBecT Hhkojiob, J^HMHT'bp TpucpOHOB 



1. BBE^IEHHE 

OcHOBHafl u;ejib TeopnH reoMeTpn^ecKoro KBaHTOBanufl coctoht b KOHCTpyupoBaHHu 
KBaHTOBOMexaHHHecKoro npocTpaucTBa FHjib6epTa, Hcxofla h3 cbohctb 
CHMnjieKTH^ecKHx MHoroo6pa3Hii, nrparomnx pojii. cJiasoBbix npocTpancTB 
KJiaccH^ecKHx MexaHH^ecKHx chctcm [1,2]. Ecjih G - rpynna JIh, to 3th MHoroo6pa3Hfl 

B03HHKai0T KaK Op6HTbI KOnpHCOC^IHHeHHOrO fleflCTBHa G B flyajIbHOM npocTpaHCTBB 

A{G)* ajire6pbi A(G) rpynobi G. HycTb xq e A{G)* - (jsHKCHpoBauHbiii sjieneHT 
n X - op6HTa TOHKH xq, X = {axo\a G G}. Hpu neKOTopbix orpanHHeHUHx 

Ha MH0r006pa3He X [1,2], KOTOpbie mm CHHTaeM BbinOJIHBHHblMH (h 3HaHHT 

KJiaccH^ecKafl CHCTeMa c (J)a30BbiM npocTpancTBOM X ^onycKaeT KBaHTOBaHue) , 
cymecTByeT yHHTapnoe o^HOMepHoe npe^CTaBJienue (xapaxTep) noflrpynnbi K d G, 



r^e k = ex.p{Xh) £ K m {xo,Xk) 3HaHeHHe Xo S A{G)* b to^kb Xk S A{K) C 
A{G). Tor^a mojkho nocTpoHTb HH^yiiHpoBaHHoe npeflCTaBJieuHe W{G) = x(^) T 
G, peajiHByiomeecfl b npocTpaiiCTBe H = L'^{X,dx) KBaflparaHHO HHTerpupyeMbix 
(i)yHKu;Hfl Ha X, r^e dx HHBapHanTHafl Mepa na X .... 



B HacTOflmeii pa6oTe mm paccMaTpHBaeM cbhsb MCJKri^y HHflyD;HpoBaHHbiMH 
npe7i;cTaBjTeiiHaMH h KorepeiiTiibiMH cocToaiiHaMH (n. 2) h noKasbiBaeM, hto 
npocTpaHCTBO rHJib6epTa H mojkiio paccMaTpHBaTb TaKJKe b KaHecTBe npocTpaHCTBa 
KjiaccHHecKHx coctohhhh (n. 3). Tor^a npocKTop Pq HHTepnpeTHpyeTca KaK 
KBaHTOBauHe KjiaccHnecKoii chctcmm. ^ajiee (n. 4) mm yHHTMBacM BjiHHHne 
H3McpHTCJibiioro npH6opa, hto no3BO.7Ta0T paccMa.TpHBaTb H3Bor,Tiibio npa.BHJia 
KBaHTOBauHfl c BflHHHMx no3Hu;Hii. HaKOHeu, (n. 5) mm HsyHaeM cooTBeTCTBue MajK^y 
nyaccoHOBCKHMH H JlH-ajire6pHHecKHMH CTpyKTypaMH. 

^ roflHniHHK Ha BnH-LUyMeH, T. XI, B 



(1) 



X{k) = x(exp(Xfe)) = exp{i{xo,Xk)) 
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